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Abstract 

In this paper we give Iwahori-Hecke type algebras H q (Q) associated 
with the Lie superalgebras q = A(m,n), B(m,n), C{n) and D(m,n). We 
classify the irreducible representations of H q (Q) for generic q. 



Introduction 

Recently, motivated by a question posed by V. Serganova [5] and study of the 
Weyl groupoids |Hlj|H2j associated with Nichols algebras |ASlj|AS2] including 
generalizations of quantum groups, I. Heckenberger and the author [HY] intro- 
duced a notion of 'Coxeter groupoids' (in fact they can be defined as semigroups), 
and showed that a Matsumoto-type theorem holds for the groupoids, so they 
have the solvable word problem. We mention that the Coxeter groupoid associ- 
ated with the affme Lie superalgebra D^(2, 1; x) was used in the study [HSTYJ, 
where Drinfeld second realizations of U q (D^(2,l;x)) was analized by physical 
motivation in recent study of AdS / CFT correspondence. 

It would be able to be said that one of the main purposes at present of the 
representation theory is to study the Kazhdan-Lusztig polynomials (cf. [Hul 7.9]) 
and their versions. The polynomials are defined by using the standard and canon- 
ical bases of the Iwahori-Hecke algebras. The existence of those bases is closely 
related to the Matsumoto theorem of the Coxeter groups. So it would be natural 
to ask what to be the Iwahori-Hecke algebras of the Coxeter groupoids. In this 
paper, we give a tentative answer to this question for the Coxeter groupoids W 
associated with the Lie superalgebras g = A(m,n), B(m,n), C(n) and D(m,n). 
We introduce the Iwahori-Hecke type algebra H q (g) (in the text, it is also de- 
noted by H q (W)) as g-analogue of the semigroup algebra CW/CO, where is 
the zero element of W. We also show that if q is nonzero and not any root of 
unity, H q (o) is semisimple and there exists a natural one-to-one correspondence 
between the equivalence classes of the irreducible representations of H q (g) and 
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those of the Iwahori-Hecke algebra H q (Wo) associated with the Weyl group Wo 
of the Lie algebra g(0) obtained as the even part of g = g(0) © g(l). 

Until now, no relation has been achieved between the groupoids treated in 
[SVj and this paper. 

This paper is composed of the two sections. Main results and their proofs are 
given in Section 2. Results of [HY] used in Section 2 are introduced in Section 1. 

The author thanks to the referee for careful reading and valuable comments, 
which encourage him so much to make future study. 

1 Preliminary — Matsumoto-type theorem of Cox- 
eter groupoids 

This section is preliminary. Here we collect the results which have already been 
given in |HYj and will be used in the next section. 

1.1 Semigroups and Monoids 

Let K be a non-empty set. Assume that K has a product map K x K — > K, 
(x, y) t— > xy. We call K a semigroup if (xy)z = x(yz) for V x,y, z £ K . We call K 
a monoid if K is a semigroup and there exists a unit 1 £ K, that is, lx — xl — x 
for all x £ K. 

1.2 Free semigroup F-i(N) and Free monoid Fq(N) 

Let N be a non-empty set. Let F-i(N) be the set of all the finite sequences of 
elements of N, that is 

oo 

F-i(N) := ]l N n = {{h u . . . , h n )\n £ N, h £ N}. 

n=l 

We regard F_i(N) as the semigroup by 

(h\i . . . , /i m )(/l m +l, • • • , /i m -|_ n ) (^-1) • • • j h m , /l m _|_i, . . . , /ijn-j-f),). 

Then we call F_i(N) a free semigroup. Let F (N) be the semigroup obtained by 
adding the unit 1, that is, F (iV) := {l}UF_ x (iV), 1 ^ F_i(JV), and la; = xl = x 
for all x £ F (N). 

1.3 Semigroup generated by the generators and and de- 
fined by the relations 

Let Q = {(xj,yj)\j £ J} be a subset of F_i(N) x F_i(iV), where J is an in- 
dex set. For g 1} g 2 £ F_i(AT), we write g\ ~i (? 2 if there exist j £ J and 
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{hi h) € Fo(N) x F (N) such that either of the following (i), (ii), (iii) holds. 



(i) 9i = hxf 2 ^ 92 = hyf2- 
(h) 91 = hyfz ^ 92 = fixf 2 - 
(hi) 9i = g% = hxf 2 = hyh. 

For g, g' £ F_i(N), we write g ~ g' if g — g' or there exists r £ N and 
5-1, ... , fiv £ F_i(iV) such that 5-1 = g, g r = g', and & ~i for 1 < z < r - 1. 
Then F_i(A r )/~ can be regarded as a semigroup by the product [g][g'} = [gg% 
where for g £ F_x(N), we denote [g] := {g'\g' ~ g} £ F_i(AT)/~. We call 
semigroup generated by N and defined by the relations Xj — yj 
(j £ J). When there is no fear of misunderstanding, we also denote [g] by its 
representative g by abuse of notation. 

1.4 Free group F\(N) and Involutive free group ^(AT) 

Let iV be a set. Let iV -1 be a copy of iV so that the bijective map N — > N~ l , 
x 1 — > a; -1 , is given. Let Fi(N) be the semigroup generated by 

{e} U iV U iV" 1 (disjoint union) 

and defined by the relations 

ee = ex = xe = e, zi -1 = x~ x x = e for Vx £ N. 

We call Fi(N) the /ree group over AT. 

Let F 2 (N) be the semigroup generated by 

{e} U TV (disjoint union) 

and defined by the relations 

ee = ex = xe = e, x 2 = e for Vx £ N. 

We call F 2 (N) the involutive free group over iV. Note that F 2 (N) can be identified 
with the quotient group of Fi(N) in the natural sense: 

F 2 (N) = F 1 (N)/{g 1 x 2 1 gY x ■ ■ ■ grfg^V £ N,x t £ JV, & £ F^N)}. 

1.5 Action > of F 2 (iV) on A 

Let AT and A be non-empty sets. An action > of F 2 (N) on A is a map 

> : F 2 (N) x A -> A 
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such that 

e>a = a, g > (h> a) = (gh) > a for Vg, V7i G F 2 (N), Ma G A. 

Note that n > (rt > a) = a for all n G TV, a G A. 
For n, n' G iV and a G A, define 

e(n, n'; a) :={(W) m > a, (n'n) m > a | m G N U {0}}. 

Let 

9(n,n';a) : = \Q(n,n'; a)\. 

This is the cardinality of Q(n, n'; a), which is either in N or is oo. One obviously 
has 0(n, n'; a) = Q(n', n; a) and G(n, n';n> a) = n > Q(n', n; a). 

Let a := a, b := a, and define recursively a m+ i := n > b m , b m+ i := n' > a m 
for all m G NU {0}. That is: 

bo := a, ai:=n>a, b 2 :=n't>nt>a, a 3 := n > n > n > a, . . . 
a := a, 61 := n' >a, a 2 := n > n' > a, b 3 := n' > n> n' > a, . . . 

Then we have 

J 00 if a m ^ b m for all m G N, 

0(n, n ; a) = < 

I minjm G N | a m = b m } otherwise. 

1.6 Coxeter groupoids 

Definition 1.1. [HYt Definition 1] Let N and A be non-empty sets. Let > be a 
transitive action of F 2 (N) on A. For each a G A and i,j G N with i ^ j let 

«\j;a = m jti . a G (N + 1) U {00} 

be such that 0(i,j] a) G N =>- gT''- ;< \ G NU{oo} or 8(i,j; a) = 00 =>- mj j. a = 00. 
Set 

m := (m ij;a | i, j <E N,i ^ j,a £ A). 

Let 

(1) jy = (iy,7v,A>,m) 

be the semigroup generated by the set 

{0,e a ,s iia I a G A,i G iV} 
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00 = e a = 0e a 


= s ija = 


= 0s ija = 0, 






e 2 -e 


e a eb 


=0 for a ^ 6, 








Si,it>a,Si,a 










factors) 


if J7ijj ;o is finite 


and 


odd, 


SjSj • • • SiSj a (jTlij-a 


factors) 


if TTii j-a is finite 


and 


even 



and denned by the relations 
(2) 
(3) 

(4) SiS ^ ' ' ' s i i 
where we use the convention: 

See also (ED) below. 

1.7 Sign representation 

Let ZA be the free Z-module generated by A, that is, 

ZA = ® aeA %a. 
Then there exists a unique semigroup homomorphism 

sgh : W -> End z (ZA) 

such that 

(6) sgh(O)O) =0, sgn(e a )(6) =<W, sgn(s <>a )(&) =(-l)5 o6 z > a 

for a, 6 G A and z G iV, where 5 means Kronecker's symbol. Hence for w £ W 
one has 

iw ^ 

if and only if w = e a for some a G A or there exist m G N and ij G iV, &j G A 
with 1 < j < m such that bj = i j+x > and u> = s il)6l • • • s im _ 1>bm _ 1 s im>bm . If 
this is the case, we use the convention 

\J) s h ' ' ' s im-i s i m ,b m -~ w i 

and, if m = 0, ■ ■ ■ Si m _ 1 Sj roi(1 means e a . We note again 

Lemma 1.2. (1) • • • Si m _ 1 Si mta ^ for all a G A and m G N U {0}. 

(2) J/ • • • Sj^Si^a = s h ■ ■ ■ s^s^i,, then a = 6, ii • • • i m > a = j x ■ ■ ■ j r > b 
and (-l) m = (-1Y. 
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1.8 Generalization of Root systems 

Definition 1.3. |HYl Definition 2] We call a quadruple (R, N, A, >) a multi- 
domains root system if the following conditions hold. 

1. N and A are non-empty sets and > is a transitive action of F 2 (N) on A. 

2. Let Vq be the |7V| -dimensional M-linear space. Then 

R = {(R a ,7i a ,S a ) \a G A}, 
where ir a = {a nA \ n E N} C R a C V , and n a is a basis of Vo for all a E A. 

3. R a = R+U -R+ for all a G A, where i?+ = (N U {0»7r a n R a - 

4. For any i E N and a E A one has IRct^a PI R a = {«i,a, — «i,a}- 

5. S a = {o"j ja | i E N}, and for each a E A and i E N one has <7 i)(I G GL(Vo), 

<7i, a (Ra) =Ri>a, <7i,a((Xi,a) = ~ Oi i>i>a , <Ti t a{(Xj,a) ^ <X/,;> a + (NU {0})a Mt>a 

for all j G N\{i}. 

6. <Ti,it>a,ffi,a = id for a G A and i E N. 

7. Let a G A, i, j E N, i ^ j, and d = |((N U {0})« ?> + (NU {0})a jja ) n i? a |- 
If d is finite then 9(i,j; a) is finite and it divides d. 

Convention. We write 

(R,N,A,>) E n 

if (R, N, A, >) is a multi-domains root system, that is, ft = {(R, N, A, >)} denotes 
the family of all the multi-domains root systems. 

Definition 1.4. [HYl Definition 4] Let (R, N, A, >) G ft. Let m := (m ij;a \ E 
N,i^j,aE A) be such that m isj . a : = |((NU{0})a i>tt + (NU{0})a il o)ni2 o |. Then 
we call (W, N, A, >, m) the Coxeter groupoid associated with (R, N, A, >). 

Theorem 1.5. [HYl Theorem 1] Let (R,N,A,>) E ft. Set V = ® aeA V a , where 
V a = Vq. Let P a : V —> V a and t a : V a — > V be the canonical projection and 
the canonical inclusion map respectively. Then the assignment p : i — > - idy, 
e a i— > L a P a , s i<a i — ► Lit>a°~i,aPa, gives a faithful representation (p, V) of the Coxeter 
groupoid (W, N, A, >, m) associated with (R, N, A, >) . 
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1.9 Matsumoto-type theorem 

Define £ : W -> N U {0} U {-00} to be the map such that £(0) = -00, £(e a ) = 
for all a G A, and 

£{w) = min{m G N | w — s tl ■ ■ • Sj m _ 1 s imia for some i 1: . . . , i m G N, a G A} 

for all w G W \ ({0} U {e a \a G A}); we also refer to Lemma 11.21 (1) for this 
definition of £. One has 

(8) £{w) ^(ur 1 ) 
for w G W \ {0}, and 

(9) £(ww') <£{w) + £{w') 

for «;,«/ G W. We say that a product w = Sj 1 • • •s im _ 1 Sj mja G is reduced if 
m = £(«;). 

Definition 1.6. [HYl Definition 5] Let W = (W, iV, A, >, m) be a Coxeter groupoid. 
Let = (W, iV, A, >, m) denote the semigroup generated by the set {0, e a , Sj ja \ a G 
A, i G N} and defined by the relations 

(10) 00 = 0, 0e a = e a = 0s ija = s i>a = 0, 

(11) C a = Ca; CaCfo = for O ^ b, &~ti>a,Si,a = Sj ja e a = Sj )tt , 

(12) ^ ' ' ' 5j ^' a = ' ' ' ** i ** j ' a (ymi,j ' a factors ) if m i,r,a is finite and odd, 
SjSi ■ ■ ■ SjS it a = §iSj ■ ■ ■ SiSj ta (m^j.^ factors) if m iJ;a is finite and even. 

Theorem 1.7. [HYl Theorem 5] (Matsumoto-type theorem of the Coxeter groupoids) 
Let W = (W, N, A, >, m) be the Coxeter groupoid associated with (R, N, A, >) G 1Z 
(see Definitional^). Suppose that m G NU{0} ; a G A, and . . . , i m ), (ji, . . . ,j m ) G 
N m such that £(3^ ■ ■ ■ Si m _ 1 Sj m ,o) — m an d equation 

S h s i m -i s i m ,a — s ji ' ' ' S j m -l S jm,a 

holds in W . Then in the semigroup (W, N, A, >, m) one has 

S ii ' ' ' s i m -i S im,a = s jx ' ' ' S j m -i S j m ,a- 

Corollary 1.8. [HYl Corollary 6] Let W = (W, N, A, >, m) be the Coxeter 
groupoid associated with (R,N,A,t>) G 1Z (see Definition \1.4\ )- Suppose that 
m G N U {0}, a G A, and (z 1; . . . , i m ) G N m such that £{3^ ■ ■ ■ Sj m _ 1 s imia ) < m 
holds in (W, N, A, >, m). Then there exist j±, . . . , j m G N and t £ {1, . . . ,m — 1} 
such that ] t = j t+1 and in the semigroup (W, N, A, >, m) one has the equation 

s ii ' ' ' s i m -i s i m ,a — s ji ' ' ' s jt S jt+i ' ' ' S j m -i S jm,a- 
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Figure 1: Dynkin diagrams of the Lie superalgebra D(2, 1; x) 

In the next section, we also need 

Proposition 1.9. [HYl Corollary 3] Let m e N, (h, . . . , i m , j) e N m+1 , and 
a £ A, and suppose that t{si x ■ ■ ■ Si m _ 1 Sj m;0 ) = m. Then: 

(1) m = \a h ■ ■ ■ (T im _ 1 a irnia {R+) n -Rt v .. im>a \- 

(2) £(s h ■ ■ ■ s im s jtj>a ) = m - 1 ^ • ■ ■ o^o-i^afe) G --Rj-w**- 

(3) ^ ■ ■ • S im S j)j>a ) = m + 1 <T 4l • • ■ Oi^^ata&a) e Rt.. im »a- 

Example 1.10. Here we treat the finite dimensional simple Lie superalgebra 
D(2, l;x), where x ^ {0, —1}. Note that it has 14 (positive and negative) roots. 
One has m itj;a ( k ) = 2 + 5 k0 + (1 - S k0 )(5 ik + 5 jk ) and er i)0 ( fc )(aj, ( fc )) = a jA<>a ( k ) + 
k ) for i j. Moreover 



3,m ij;a(fc ) tt i,il>a(fc) 

-^a(fc) = ^(fc) U {«i,o(fe) + Oj,a(fc)l m M;a(fc) = 3} 
U{ttl, a (fe) + a 2 ,a(fe) + «3,a(fc)} 
U{tti, a (fc) + 2a fcja ( fc ) + aj,o(fc)|WiJ;o(fc) = 2}. 

Note that £>(2, 1; 1) = £>(2, 1) = osp(4|2) (see also Section Let w a{2 ) := 

S3,a(2)S2,a(o)S3 ) a(3)Si,a(3)S3 ) o(o)S2 ) o(2)Si,a(2)- Then p(u> a (2)) = -idy a(2) . Indeed: 

«l,a(2) ^ — «l,o(2) l_ > — ai,o(0) — a 2,o(0) ^ ~ a l,a(3) — a 2,a(3) — 2a 3ja ( 3 ) 

^ -«l,a(3) - «2,a(3) ~ 2a 3ja ( 3 ) h-> -O!l, a (0) ~ "2,a(0) ^ _a l 1 a(2) ^ -«l,a(2), 

«2,a(2) >-> «l,a(2) + «2,a(2) ^ «l,a(0) ^ «l,a(3) + «3,a(3) ^ «3,a(3) ^ -«3,a(0) 
^ -«2,a(2) - «3,a(2) ^ -«2,o(2), 

tt3,a(2) ^ tt3,a(2) ^ «2,a(0) + O3,a(0) ^ "2,0(3) ^ «2,a(3) ^ «2,a(0) + "3,a(0) 
0:3,0(2) ^ -a3,o(2) ■ 
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By Proposition 11.9( 1). we have £(w a ^)) — 1-^(2)1 = ^ w a(2) is the longest word. 
Let w' := (s3 ia (2)S 2 , a (o))~ lw a(2)- Then £(w') = 5. By Theorem 11.71 w' has the 
following four reduced expressions: 

w ' =s 3,a(3) s l,a(3) s 3,a(0) s 2,a(2)'Sl l a(2) = s l,a(l) s 3,a(l) s l,a(0) s 2,a(2) s l,a(2) 
=Sl,o(l)S3,a(l)S2,a(l)Sl,a(0)S2,a(2) = Sl,a(l) S2,a(l) S3,o(l)Sl,a(0)S2,a(2) • 

2 Main theorems — Irreducible representations 
of the Iwahori-Hecke type algeras H q (A(m,ri)), 
H q (B(m,n)), H q (C(n)) and H q (D(m,n)) associ- 
ated with the Lie superalgebras A(m, n), B(m, n), 
C(n), D{m, n) 

2.1 Definition of Lie superalgebras 

As for the terminology concerning Lie superalgebras, we refer to [K] . 

Let o = t»(0) © 0(1) be a Z/2Z-graded C-linear space. If i G {0, 1} and j G Z 
such that j — i £ 2Z then let o(j) = t>(i). If X G t»(0) (resp. X G d(l)) then we 
write 

(13) deg(X) = (resp. deg(X) = 1) 

and we say that X is an even (resp. odd) element. If X G t>(0) U t>(l), then we 
say that X is a homogeneous element and that deg(X) is the parity (or degree) 
of X. If to C D is a subspace and to = (to n t>(0)) © (tt) n t)(l)) (resp. to C t)(0), 
resp. to C t)(l)), then we say that tt) is a graded (resp. even, resp. odd) subspace. 

Let q = g(0) ©0(1) be a Z/2Z-graded C-linear space equipped with a bilinear 
map [, ] :gxg^g such that [g(i),g(j)] C + (i, j G Z); we recall from the 
above paragraph that 

(14) g(z) = {XGg|deg(X)=z}. 

We say that g = (g, [ , ]) is a (C-)Lie superalgebra if for all homogeneous elements 
X, Y, Z of g the following equations hold. 

[Y, X] = - (_i)degWdeg(y)^ 5 y \, (skew-symmetry) 
[X, [Y, Z]] = [[X, Y],Z] + (_i)d e g(^)deg(r)[y ? [X; ( Jacobi id e n tit y ) 

We call the Lie algebra g(0) the even part of g. 
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2.2 Lie superalgebras g[(m+ l|n+ 1) and osp(m|n) 



Let m, n G NU {0}. Let: 



m+n+2 



Z>nH-l|n+l := {(Pi, • • • ,Pm+n +2 ) G Z m+ ™+ 2 | Vl G {0, 1}, £ Pi = n + 1}. 



For z, j G {1, . . . , m + n + 2}, let Ejj denote the (m + n + 2) x (m + n + 2) matrix 
having 1 in position and otherwise, that is, the (i, j)-matrix unit. Let 
E m+n+2 denote the (m + n + 2) x (m + n + 2) unit matrix, that is, E m+n+2 = 
SSl™ +2 ^M- Denote by M m+n+2 (C) the C-linear space of the (m + n + 2) x (m + 
n + 2)-matrices, i.e., M m+n+2 (C) = ©™ti +2 CE^-. 

Let d = (pi, . . . ,p m+n+2 ) G P m+ i| re+1 . The Lie superalgebra gl(m + l|n + 1) = 
g[(d) is defined by gl(d) = M m+n+2 (C) (as a C-linear space), 

(15) gl(d)(0) = ©i< P4=Pj < m+n+2 CE i): ,-, gl(cZ) (1) = ©i< Pi ^p j .< m+n+2 CEjj, 

and = XY - (-l) nT2 YX for X G fll(d)(n) and F G gl(d)(r 2 ), 

where XF and FX mean the matrix product, that is, EjjE^ = dj^Eii. Define 
the C-linear map str : $l(d) — > C by str(Ejj) = Sij(— l) Pi - The Lie subsuperalge- 
bra {X G flt(d) | str(X) = 0} of gl(d) is denoted as s[(m + l|n + 1) = sl(d). The 
finite dimensional simple Lie superalgebra A(m, n) is defined as follows. Let 3 be 
the one dimensional ideal CE m+n+2 of Ql(d). If m ^ n, then A(m, n) means sl(d). 
On the other hand, A(n, n) means sl(d)/$, and is also denoted as psl(n + l|n + 1). 

Let d = (pi,...,Pm+2n) ^ T^ m \2n- Define the map 9 : {l,...,m + 2n} — > 
{1, . . . , m + 2n} by = m + 2n + 1 — z. Assume that = pj. Let ^ G {1,-1} 
be such that gfj = — 1 if pi — 1 and i < 9{i) and g% — \ otherwise. We have an 
automorphism Q of gl(d) defined by ^(E i)3 -) = — ( — 1 ) Pl +p J ^ E ( j ) , e» (i ) - The 
Lie superalgebra osp(m|2n) means {X G gl(d)\Q(X) = X}. We also denote 
osp(m\2n) as follows: 



We also note that osp(2m + 1|0), osp(0|2n), and osp(2m|0) are isomorphic to the 
simple Lie algebras of type B m (if m > 2), C n (if n > 3) and _D m (if m > 4) 
respectively, so osp(2m + 1 1 0) = o 2m +i, osp(0|2n) = sp 2n and osp(2m|0) = o 2m . 
As for the even part 05p(m|2n)(0) of osp(m|2n), we have 



i=l 



B(m — 1, n) 
D(m + 1, n) 
C(n+1) 



osp(2m - l|2n) 
osp(2m + 2|2n) 
osp(2|2n) 



if m, n G N, 
if m, n G N, 
if n G N. 



(16) 



osp(m|2n)(0) ^ osp(m|0) © osp(0|2n). 
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2.3 Definition of Iwahori-Hecke type algebras 

Definition 2.1. Let W = (W, N, A, >, m) be the groupoid introduced in (CQ). 
Assume that A is finite. Let q G C. Let iy g (W) be the C-algebra (with 1) 
generated by 

(17) {E a ,T i>a \aeA,ieN} 
and defined by the relations 

(18) El = E a , 

(19) Efo a Ti^ a E a Ti a , 

(20) Y, E - = l 

(21) E a E b = if a ^ b, 

(22) [T ia - qE a ) (T i)B + £ a ) = if 2 > a = a, 

(23) T iti>a T ija = E a if i > a ^ a, 

(24) TjTj • • • TjT i)a = TjTi ■ ■ ■ T{Tj )a (m^-a factors) if m^-a is finite and odd, 

(25) TjTi ' ' ' TjTi a — T{Tj ■ ■ ■ T{Tj a {rriij. a factors) if ?7Jjj. a is finite and even, 

where, in (|2"4"l)- (j2"5"|) . we use the same convention as that of (jSJ) with Si >a in place 
of T i>a . 

Lemma 2.2. Let W = (W, N, A, >, m) be the Coxeter groupoid associated with 
an element (R,N,A,>) of TZ (see Definition \1.4\ ). Assume that A is finite. Then 
there exists a map f : W — > H q (W) such that 

(26) /(0) = 0, f(e a ) = E a , 

(27) f(si, a w) = T i!a f(w) ifweW\{0} and £(s ha w) = 1 + £(w). 

Further, as a C-linear space, H q (W) is spanned by f(W \ {0}). In particular, if 
W is finite, then 

(28) dim H q (W) < \W\ - 1. 

Proof. Let W be the semigroup introduced in Definition 11.61 for W . It is easy 
to show that there exists a unique semigroup homomorphism / : W —> H q (W) 
such that /(0) = 0, f(e a ) = E a and f(§i ja ) = T iia . By Theorem 11.71 there exists a 
unique map / : W -> H q (W) such that /(0) = and f(w) = f(s h ■ ■ ■ s^J^a) 
if w G W \ {0}, £(w) = m and w = Sj 1 • • • Sj m _ 1 s imja . Then / satisfies (l2"S|) - (l2Tj) . 
as desired. 

We show 

(29) G^We iV, Va G A,T i>a f(w) G C/( Si , a w) + C/(w). 
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If Si t aW = 0, then clearly T ita f(w) = holds. If w ^ 0, Si ta w 7^ and £{si >a w) = 
1 + £(w), then (|29|) follows from (127]) . Assume that u> 7^ 0, s ija u> 7^ and 
£(si ia w) 7^ 1 + £(«;). Then by (IE]) and Proposition II .91 we have £{si^w) = £{w) — \, 
so f(w) = T i)ix>a f(si A w). Since T iA f(w) = T ita T iji>a f(s ita w), we have T iA f(w) = 
f(si,aw) if z>a 7^ a, and T^ a f(w) — (q— l)f(w) + qf(si ta w) otherwise. Hence we 
have (1291 . as desired. 

It is clear from (129]) that the rest of the statement follows. □ 

Notation 2.3. Let r G N. Let be the r-dimensional R-linear space with a 
basis {ei\l < i < r}. Let Vq^'' be the subspace of Vq^ formed by the elements 
Y^l=i x i £ i w hh Xi G K and X^I=i ^ = 0' so dimV^^'' = r — 1. For a non-zero 
element x = Xli=l °f ^0 with Xj G M, define cf x G GL(Vo^) by a x (ej) = 
Ej — 2xj(Y^\ x "i)~ lx , that is, a x is the reflection of V^f 1 with respect to the 
hyperplane of Vq^ orthogonal to x. Note that if x G Vq ' , then a x (V^ r ^' / ) = Vq . 

2.4 Basic of Iwahori-Hecke algebras 

For the basic facts about the Iwahori-Hecke algebras, we refer to |GUj . Let 
W = (W, N, A, >, m) be the groupoid introdued in (DO). In this subsection we 
always assume that 

(30) \A\ = 1 and N and W are finite. 

Let a G A, so A = {a}. Then VT\{0} is nothing but the Coxeter group associated 
with the Coxeter system (W \ {0}, {si, a \,i G N}). In this case, we also denote 
H g (W) and T i>a by H q (W \ {0}) and T- respectively. That is, H q (W \ {0}) is the 
C-algebra (with 1) generated by Tj (i G N) and defined by the relations 



^ TiTj ■ ■ ■ TjTi = TjTi ■ ■ ■ TiTj (m !J;fl factors) if m i>j;a is odd, 
TjTi ■ ■ ■ TjTi = TiTj ■ ■ ■ TiTj {friij-a factors) if rriij ]a is even. 

It is well-known that dim H q (W\{0}) = |W^\{0}|. In this paper we fix a complete 
set of non-equivalent irreducible representations of H q {W \ {0}) by 

(33) {p Hq (w\{o}),\ ■ H q (W \ {0}) -> Endc{V Hq{w \ {0})tX )\X G A Hq{w \ {0}) }, 
where A Hq ^ w \^ is an index set. Define the polynomial Pw\{o}(q) m Q by 



(31) 



(T i -g)(T i + l) = 0, 



(34) 




u>gvk\{o} 



This is called the Poincare polynomial of W \ {0}. 
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It is well-known [GU] (see also j£El (25.22) and (27.4)]) that for q £ C \ {0}, 
the following three conditions are equivalent. 



(i) Pw\{o}{q) ^ holds. 

(ii) H q {W \ {0}) is a semisimle algebra, 
(hi) The map 

( 35 ) PH q (W\ { o}),x:H q (W\{0})^ End c (V^ m{0 }), 

defined byl^ ®\eA Hq(W \ {0}) PH q {w\{o}),\{ X ) is a C-algebra isomorphism. 
In particular, 



(36) q-P wm (q)^0^dimH q (W\{0})= ^ (dimV Hi 

^H q (W\{0}) 



(W\{0}),\) 2 - 



Assume that N = {1,2, ... ,n} and m i)i+ i ;a = 3 and mij. a — 2 (\j — i\ > 2). 
Then W is the Coxeter groupoid associated with (R, N, A,>) £ 7?. such that 
Vb = V {n+1),/ , i?+ = {si - Ej\l < i < j < n + 1}, a iA = e { - e i+1 and a iA = a aia . 
As a group, W^\{0} is isomorphic to the symmetric group S n+ i, so we also denote 
W \ {0} by S n+ i by abuse of notation. Note that dimH q (S n+ i) = (n + 1)!. 

Assume that N = {1,2, ... ,n} and m iti+ i- a = 3(l<i<n — 3), m n _i jn;a = 4 
and rriij-a = 2 (\j — i\ > 2). Then W is the Coxeter groupoid associated with 
(R, N, A, >) £ ft such that V = V (n) , R+ = {ei - e h e« + £j-|l < i < j < 
n} U {£,|1 < z < n}, a iia = £* - £j+i (1 < i < n — 1), = £ n and cr^ = 5 Qia . 
We also denote W\{0} by and W(C n ). Note that dimtf^W^)) = 2 n n\. 

Assume that N = {1,2, ... ,n} and m iti+ i. a = 3 (1 < i < n — 2), m n _^ n . a = 
2, m n -2,n;a = 3 and mij. a = 2 (\j — i\ > 2 and 1 < i < n — 3). We also 
denote W \ {0} by W{D n ). Note that dim H q (W (D n )) = 2 n ~ 1 n\. Then W is 
the Coxeter groupoid associated with (R, N, A,t>) £ 7Z such that V = Vq U \ 
R+ = {si - ej,£i + Sj\l < i < j < n}, a iA = £* - e i+1 (1 < i < n - 1), 

&n,a &n—l ^-n and <Tj a ®a.i >a ' 

It is well-known (cf. [Cj Theoerem 10.2.3 and Proposition 10.2.5]) that 



(37) Psn+M^U^—T' 

r=l ^ 
n 2r i 

(38) Vi?) = n7rr- 

r=l 

n _ i „2r _ i 

(39) aw^^-II 3 — r 

r=l 



13 



2.5 Iwahori-Hecke type algebra H q (A(m, n)) associated with 
the Lie superalgebra A(m,n) 

Let 

denote the usual (left) action of the symmetric group S m + n +2 on 

£> m+ i| n+ i by 

permutations, that is, for a G S m+n+2 , 

C> (Pi, • • ■ ,Pm+n+2) = (Po-^l)) • • • , Po- 1 (m+n+2) ) • 

Let cjj := (i, i + 1) G 5' m+n+2 . Let W be the Coxeter groupoid associated with 
(R, N, A,>) G TZ such that N — {1, 2, . . . , m + n + 1}, A = V m+1 \ n+ i, i>d = a^d, 

V = v£ n+n+2 ''', Rj~ = {ei - Sj\l < i < j < m + n + 1}, a i)d = - e i+ i and 
= &a id - Denote H q (W) by H q (A(m,n)). Then H q (A(m, n)) is the C-algebra 
(with 1) generated by 

(40) {E d | d g P m+ i|„+i} U {T M |l<z<m + n+l, de £> m+ i|n+i} 
and defined by the relations ( jl~8l) -(l23l) and the relations 

(41) T % i,ojOi\>dJ^j,(Ji\>dJ^i,d Tj t<Ji(T .f >d Ti cr .f >d Tj td If |^ j\ 1) 

(42) Ti !(T . >d T jtd =Tj !tTiS>d T ijd if \i - j\ > 2. 
Define d e , d Q G V m+1 \ n+1 by 

m+l '"+1 

(43) d e : = (C^0,l7^~T), do := 

For d = (pi , . . . , p m+n+ 2 ) G £> m + i| n+ i, define the two elements 

(44) T + _ d , T_. d G S m+n+ 2 

by 

( 45 ) Pr ± . d (i) = ~y- and r ±.d(0 < T±. d (j) if 1 < % < j < m + 1, 

(46) p r± . d (i) = and r ±.d00 < r ±.rf(j) if m + 2 <i <j <m + n + 2. 

Then r +j d (resp. r_ ;d ) is the minimal length element among the elements a G 
S m+n+ 2 satisfying the condition that for any i, z-th component of d e (resp. d a ) is 
the same as cr(z)-th component p a ^ of d. 

Example 2.4. Assume that m = n — 1. Then T> 2 |2 = {^e = (0,0, 1,1), di = 
(0, 1, 0, 1), d 2 = (1, 0, 0, 1), d 3 = (0, 1, 1, 0), d 4 = (1, 0, 1, 0), d = (1, 1, 0, 0)}. Then 

rl2341 rl234] H2341 H2341 H2341 

T +- d <= l_1234_P L3412J' T +- d i Ll324j ' L2413J ' T +- d 2 L2314J ' T ~- d l 

[12341 _ H234] _ H2341 _ H2341 _ rl2341 _ rl2341 

Ll423J ' T +- d 3 ~ L1423J ' T ~- d 3 ~ L2314J ' T +- d i ~ L2413J ' T ~- d 4 — L1324J ' T +- d o ~ L3412J ' 

r-.de = • See also Figure M 
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Figure 2: Dynkin diagrams of the Lie superalgebra A(l, 1) 



Now we consider \W\. Recall p and d e from Theorem 11.51 and (jUJ) respec- 



tively. It is easy to see that P de p{e de We de )i de C 



m+n+2 
i=l 



E,j(i) 



(m+n+2),/ \<7 £ 



5 m+n+2 ,(7({l,...,m + l}) = {l,...,m+l}}. Hence \e de We de \ < (m + l)!(n + l)! 



by Theorem EH so |W \ {0}| 
(|28|) . we conclude 



|X> m+ i| n+ i| 2 |e (ie We ( i e! 



< 



((m+n+2)!) 2 
(m+l)!(n+l)! 



Hence by 



(47) 



dim H q (A(m, n)) < 



((m + n + 2)!) 2 
(m + l)!(n + 1)! 



Proposition 2.5. Lei V and W be finite dimensional C-linear spaces, and let 
1 : H q (S m+ i) — > Endc(^) and r : H q (S n+ i) — ► Endc(W / ) 6e C-algebra homomor- 
phisms, i.e., representations. Let 1 £g) r : H q (S m+ i) (g) H q (S n+ i) — > Endc(V ® W) 
denote the tensor representation of 1 and r m £ne ordinary sense. Let Cv®w-,d 
be copies of the C-linear space V <S> W , indexed by d e V m+ i\ n+ i. Let Cy®w '■= 
®deD m+1 \ n+1 Cv®w-,d- Let P d : Cy®w —> Cv®w-,d and i d : Cv®w-,d — ► Cy®w de- 
note the canonical projection and the canonical inclusion map respectively. Then 
there exists a unique C-algebra homomorphism 1 K]^" 1 '"-) r : H q (A(m,n)) — > 
Endc(Cv®w) satisfying the following conditions: 



(i) For each d E V m+1 \ n+1 , one has (1 r)(E d ) = t d o P d , 

(ii) For each i e {1, . . . , m + n + 1} and each d = (p x , . . . ,p m+n+2 ) E T> m+ i\ n+ x, 
one has 



(4* 



(II 



7iA(m,n) 



r)(T iiC 



^ ° (1(T 7 



7^ Pi+i, 

id w ) o P d = Pi+1 = 0, 

i d o (idy ® r(T r -i d(i) )) o P d = Pi+1 = 1. 



Proof. This can be checked directly. Refer to Figure [3J We explain by 
using an example. Denote (1 M A<ym,n ^ r)(Ti' )d i) by SV.cZ' for any d' and i'. Let 
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Pi p i+ i p i+2 G {0, 1} 



Pi p i+ i p i+2 G {0, 



d 




i> d 



(i + 1) > i > d 



(i+l)>d[ 







i>(i + l)>i>d[ 



i>(i+l)>d 



] (i + 1) >z> (z + 1) >d[ 




Pi +2 Pi+l Pi Pi+2 Pi+l Pi 

Figure 3: Braid relation 



d = (pi, . . .,p m + n + 2 ) G P m+ i| n+ i and i G {1, . . . , m+n} and assume p, = p i+1 = 
andp i+2 = 1. Let di := z>d(= <7j>d), d 2 : = (i+l)>di, d 3 := i>d 2 , d 4 := (i + l)>d, 
d 5 := i> d 4 and d 6 := (i + 1) > d 4 . Then 

(49) d = di =(pi, . . . ,Pi_i,0,0, I, Pi+2, ■ ■ ■ ,Pm+n+2), 

(50) d 2 = d 4 =(pi, . . . ,pi_i,0, 1,0, ^+2, • • . ,p m + n+2 ), 

(51) d 3 = d 5 = d 6 =(pi, . . . ,pi_i, 1,0,0, pi+2, • • • ,p m+n+2 ). 

Note that r+,d 5 = OiOi+\T+. d . Hence t+j (i + 1) = T+^(i). Then we have 

Si,d = tdO(l(T! L-l fi -,)(8)idv^)oP d , Si+l dl = l>d 2 °Pd, Sid 2 — l'd 3 °Pd 2 , Si+id = ld 2 °Pd, 

Si,d 4 = i d - 3 ° P d2 and S'i+i,^ = t d3 o (l(T _i w ) ® id w ) o P ds . Hence we have 
S i d2 Si+ 1>dl S i d = Si+ 1>d5 S i d4 Si+ l d = L d3 o (1(T -i m ) ® id w ) o P d , as desired. □ 



For A G A# 9 (s m+1 ) and /i G A flq(s 

n+i)' we denote PH q (s m+1 ),x ^ m '™ PH q (s n +i),tt 
b y and we denote Cvw> Pd, td for V = V Hq (s m+1 ),x and H" = ^( 5n+1 ) iAt 

by C t-\il n) i P d ,At ' ^ respectively. 
Theorem 2.6. Let g G C and assume that 

(52) gP 5m+1 (g)P 5n+1 (g)^0. 
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Then the C-algebra homomorphism 

(53) © P A xr ] ■■ 

{x,/j,)eA HqiSm+l) xA Hq(Sn+l) 

H q (A(m,n))^ End c (C^ 

(^.M)GA H9(Sm+l) x A Hq(Sn+1 ) 

is an isomorphism. Further we have 

((m + n + 2)!) 2 



A,/i 



(54) dtaff,(A(m,»))- (m+1)|(n+1)| . 

Moreover H q (A(m,n)) is a semisimple C-algebra and a complete set of non- 
equivalent irreducible representations of H q (A(m,n)) is given by {pffl 1 ' |(A, p) G 

^H q (S m+1 ) x ^H q (S n+ i)}- 

Proof. Define the C-algebra homomorphism f\ : H q (S m +i) <8> H q (S n +i] 
H q (A(m,n)) by /i(Tj ® 1) = T i>e and /i(l <g) I}) = T m+ i +J - e . Let i? A , M := 

P^' M )Endc(C^" ) , i ' n ' ) )(^ /i o P^'J 1 ). Let / 2 denote the homomorphism of (I55|) . It 
follows from (1521 that H q (S m+ i) <S> H q (S n+ i) is a semisimple C-algebra. This 
implies 

Im(/ 2 o /i) = fl A> „. 

(A,/i)eA H9(Sm+l) xA Hq(Sn+l) 

On the other hand, we have 

Endc(^; n) ) = (c X d f o P d X f)RxA^f o P d Y). 

Hence by (EES]) we can easily see that / 2 is surjective. In particular, we have 
dim H q (A(m, n)) 
> 2^ |^m+i|n+i| 2 dimi^A !At 

(X, fJ ,)£A Hq{Sm+l) xA Hq(Sn+l) 

= \D m+ i\ n+ \\ 2 ^2 dimi? A>M 

(X,fi)eA Hq(Sm+l) xA Hq(Sn+l) 

(m + n + 2)! 2 



v (m+ l)!(n+ 1)T 

X] (dimVff 9 (s m +i),A) (dim Vi/ 9 (s„ + i),/i) 

(A,/i)eA H9 (s m+1 ) xA H5(Sii+l) 



((m + n + 2)!) 



2 



(m + l)!(n+ 1)!' 

17 



d = (0, 0, 1) o ® )Q 



d= (0,1,0) 



d= (1,0,0) 



Figure 4: Dynkin diagrams of the Lie superalgebra -8(1, 2) 

Hence by ( I4TI) . we have ( 1541) . Hence /2 is an isomorphism. Then the rest of the 
statement follows from well-known facts concerning semisimple algebras (cf. [CRt 
(25.22) and (27.4)]). □ 



2.6 Iwahori-Hecke type algebra associated with the Lie 
superalgebra osp(2m+ l\2n) 

Let meNU {0} and n G N. Ler I := m + n. For 1 < % < £, define <Tj G Se by 
&i := crj (1 < i < £ — 1). and <5> := id. 

Let W be the Coxeter groupoid associated with (R, N, A,t>) 6 K such that 



N={1,2, 



A = D m \ n , iod = &i>d, V = V c 



(m+n) 







i?1 



{Si-E^Ei-Ejll < 



i < j < £} U {£j|l < i < £}, a i4 = Si - e i+1 (1 < % < £ - 1), «^ = Q and 
Ci.d = cTa id - Denote H q (W) by H q (B(m,n)). Then Hg(B(m,n)) is the C-algebra 
(with 1) generated by 

(55) {£d | d G D m |4 U {T M | 1 < % < £, d G V m \ n } 
and defined by the relations (|T8l)-(l23l) and the relations 

(56) T e 

(57) ^i,(Ti + i<Ti[>d^~i+l,o- 4 >d^~'i,(i = Ti-\-l j a i a- i+ i>dTi t d- i+1 t>dTi+l.d ifl ^ i ^ ^ 1) 



(5* 



if |z-j| > 2. 



Recall p and <i e G P m | n from Theorem 11.51 and fj4"3]) respectively. Then 
^P^We^)^ C {(ESf^^Wi)! " g 5 m+n,^ e {-1, l},a({l, . . . ,m}) = 
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{l,...,m}}. Hence |e d Wed | < 2 m+n m\n\ by Theorem 11.51 so |W \ {0}| 

|2 |e d We d | < 

I tie «e I — TTllTl! 



\V r . 



Hence by (I28I) . we conclude 



(59) 



dim H q (B(m, n)) < 



2 m+n ((m + n) 



raw. 



Proposition 2.7. Let V\ and V r be finite dimensional C-linear spaces, and let 
1 : H q (W(B m )) End c (Vi) and r : H q (W(B n )) End c (V r ) be C-algebra ho- 
momorphisms, i.e., representations. Let 1 (g> r : H q (W(B m )) ® if^iy (£?„)) — >• 
Endc(Vj <g> V r ) denote the tensor representation of I and r in the ordinary sense. 
Let Cy^Vr-.d be copies of the C-linear space V\ <g> V r , indexed by d G T> m \ n . Let 



Vi®V r '■— WdeV m \ n Cv\®V r -,d- r d '■ ^Vi®V T —> ^V®W\d ana t d : ^V®W;d —> 

Cy^Vr denote the canonical projection and the canonical inclusion map respec- 
tively. Then there exists a unique C-algebra homomorphism 1 Kl r = 1 Kl B ( m > rt ) r : 
H g (B(m,n)) —> Endc(CVi®y r ) satisfying the following conditions: 



Let P d 



Cv®w-,d and L d ■ C\ 



(i) For each d G V m \ n , one has (1 M r)(Ed) = td ° Pd, 

(ii) For each i G {1, ...,£ — m + n) and each d = (pi, . . . ,pe) G T> n 



one 



has 
(60) 

(H3r)(T ild ) 



' P&i>d °Ld ifl<i<£-l and p { ^ p i+1 , 

i d o (l(T -i m ) ® idyj o P d ifl<i<£-l and p» = p m = 0, 

t d o (id Vl g> r(T T -i w )) oP d if 1 <i < I -1 andpi= p i+1 = 1, 

t d o (l(T m ) ® idyj oP d ifi=£ and p e = 0, 

k t d o (idyj <g) r(T n )) oP d if i = i and p e = 1, 



where r±,d are the ones of 



Proof. We can check out this directly in a way similar to that for Proof of 
Proposition 12.51 □ 



For A G A Hq (w(B m )) and fi G A Hq (w(B n )), we denote p Hq (w(B m )),\ K B(m ' n) 
Pvy(B„)), M by pji™' n) and we denote CVw for V = V Hq (w(B m )),x and W = V Hg (w(B n ))„ 

Theorem 2.8. Let q G C and assume that 

(61) ?JV( Bm )(?)/V(B„)(?)^0. 
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Then the C-algebra homomorphism 

(62) © P B x: ] ■■ 

)6Aff, (w(B m )) x Ah 5 (w(b„ )) 

H q (B(m,n))^ Vnd c (C^ n) ] 

is an isomorphism. Further we have 

2 m+n ((m + n)\) 2 



(63) dim H q (B{m,n)) 



raw. 



Moreover H q (B(m,n)) is a semisimple C-algebra and a complete set of non- 
equivalent irreducible representations of H q (B(m,n)) is given by {p^i™' n ^|(A, jj) G 

^H q (W(B m )) X ^H q (W(B n ))}- 



Proof. Let 1 : H q {W{B m )) -> End c (Vi) and r : H q {W{B n )) -> End c (V r ) be 
irreducible representations. Further, let 1 IE r : H q (B(m,n)) — > Endc (Cy,g)y r ) be 
the representaion introduced in Proposition 12.71 for these 1 and r. By (IB"0j) . we 
can easily see that 

(64) Vd', Vcf e D Hn , P d / o Ld n e Im(l B r). 

Define the representation /i : H q (W(B m )) ® H q (W(B n )) -> End c (CV ll8 y r;d J by 
A(T,®1) = (P de o ido )((lKr)(r re+i;(Jo ))(P do o i(ie ) and = (lKr)(T m+J - de ). 

The condition flSTT) implies that /i is an irreducible representaion of P g (Pv~(P m ))® 
H g (W(B n )). Moreover, using (l6l"l) . we can easily see that 1 Kl r is an irreducible 
representation of H q (B(m,n)). 

By the above argument, together with 059|) . in the same way as that for Proof 
of Theorem 12.61 we can complete the proof of this theorem. □ 

2.7 Iwahori-Hecke type algebra associated with the Lie 
superalgebra osp(2m|2n) 

Let m, n e N. Define the set X>££ by 

(65) V^ n :={d D \d = (p x , . . . ,p m +n) G V m \n, Pm+n = 0} 

U {dfl,dF\d = (pi, . . .,p m +n) e V m \ n , Pm+n = 1}, 

so that 

(m) \V CD \ - ( m + n ~ 1 ) ! n (m + n-l)\ = (m + n - l)!(m + 2ra) 
1 j 1 m|nl ~ (m-l)!n! m!(n-l)! ~ m\n\ 
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Let I := m + n and N = {1, . . . ,£}. Define the action > of F 2 {N) on V^ n by 



(67) 



% > a 





>d) D 


if a = cP, 


1 < 


i < £ - 2 and p { 7^ p i+ i 


{<?i 


>d)% 


if a = cP, 


i = 


£ - 1 and ft 7^ 


{<?i 


-x>d) c _ 


if a = cP, 


i = 


£ and 7^ 


< 0* 


>d)g 


if a = d±, 


1 < 


i <£-2 and p, 7^ p i+ i 




>d) D 


if a = cZ+, 


i = 


£ - 1 and pi 7^ p i+ i, 




-x>d) D 


if a = d_, 


i = 


i and pj_! 7^ pi, 


a 




otherwise. 







Now we define i? = (R, N, T>^ 1 , >) 6 71 as follows. Let N be as above. Let 

A = Vgf n . Let V = Vq W . Let a = ^ or d c : G Vgf n with d = (p 1; . . . , Pm+n ) G 
V m \ n . Let _R+ be the subset of Vo formed by the elements £j — Ej, Ej + Ej, 
(1 < i < J < and 2£ fe (1 < k < £ and p k = 1). Define 



(6? 



CI; 



Si — Ei + i if a — dP or dY. and 1 < % < £ — 1, 

£j — £j + i if a = gF and 1 < % < £ — 2, 

e£-i + E£ if a — d D and i = £, 

2ei if a = d+ and i = £, 

—2e£ ii a = d_ and i = £ — 1, 

k £^_i + ££ it a = d°_ and z = I. 

Define (7j. a := er Q . a . Let be the Coxeter groupoid associated with R. Recall p 
and d e G P m |n from Theorem 11.51 and (I43p respectively. It is easy to show that 

p(.Hd.) DWe {d.) D ) = 

i i 

{^2 Zj E a{j)j \a G S t ,Zj G {-1,1}, JJ 2j = l,a({l,...,n}) = {l,...,n}}, 

j'=l i=n+l 

so |e (de)0 iye (de) D| < m!n!2 £ ~ 1 by TheoremO Hence |W\{0}| < |P^| 2 m!ri!2^ 1 . 
Denote by # 9 (osp(2m|2n)). By (JUD and (JHBJ, we have 



(69) 



dimH q (osp(2m\2n)) < 



2 m+n ~ 1 ((m + n - l)!(m + 2ra)) : 



raw. 



Recall that i/q(osp(2m|2n)) is the C-algebra (with 1) generated by 



(70) 



{E a I a G U {T ija |l<Km + n,a6 



CD 
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Figure 5: Dynkin diagrams of the Lie superalgebra D(3, 1) 



and defined by the relations (fT8l)-(l23l) and the relations 

(71) {T i>a T jt a ) 2 = (T jia T iia ) 2 if a = d% vt-\ = Pi and % = £ - 1, j = £, 

(72) 2i )0 Tj )0 = T jA Ti, a if a = d D , p e _i = p e and i = £ - 1, j = £, 

(73) T i:jil>d T j: i >d Ti :d = T jtij>d Tij >d T j:d if p t _ x ^ p e and z = i - 1, j = £, 

(74) Tij i!>d Tj iic>d Ti jd = Tj^j^Tij^Tj^ ifl < i < £ — 3, j = % + 1, 

(75) Tij it>d Tj :i>d Ti jd = Tj^ d Ti^ d Tj d if a = d + and i=£ — 2,j = £—l, 

(76) T i:jit>d T j:i>d T i4 = '/ /.,,;,,/'/',. ,;,,/'/ ',.,/ if a = and i = £ - 2, j = £, 

(77) T i>ji>d T jii>d T iid = T j>ij>d T i>j>d T jid a = d D and i = £ - 2, j e {£ - 1, £}, 

(78) Tj )i>d T i)d = Tij >d Tj td if z < j holds and 2, j are not the ones in ( 1761) - (1771) . 

Recall that W(C fc ) = W(B fc ) and £r ff (W(C fc )) = # ff (W(fl fc )). 

Proposition 2.9. Let Vj and V r be finite dimensional C-linear spaces, and let 
1 : H q (W(D m )) -> Endc(Vi) and r : F 9 (VT(C re )) -> Endc(K) &e C-algebra ho- 
momorphisms, i.e., representations. Let 1 £*D r : i/g(W(.D m )) ® i? ? (W((7 n )) — > 
Endc(Vi ® V" r ) denote the tensor representation of\ and r in the ordinary sense. 
Let Cv^Vria be copies of the C-linear space V\ £g> V r , indexed by a G Lei 
Cvi®v T '■= ® d( zv c ? Let P a : Cy 1( g>y r — * Cy®W;a and t a : CV®W;a — > 

m\n 

Cv y ®v r denote the canonical projection and the canonical inclusion map respec- 
tively. Then there exists a unique C-algebra homomorphism 1 M r = 1 M CD r : 
H q (osp(2m\2n)) — > Endc (Cy,®y r ) satisfying the following conditions: 

(i) For eac/i a G Z>££, one /ias (1 H r)(£ a ) = i a oP a . 

(ii) For eac/i z'G{l,...,£ = m + n} and eac/z a G ratt d = (pi, . . . ,pe) G 
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V m \ n such that a = d+, d°_ or d D , one has 
(79) 



(lBr)(T iia ) 



Pi>a ° t a 
^ O (1(T T - 
t a O (\(T m ) 
L a O (idy, § 
to o (idy, § 
t a o (idy, § 
t a o (idy, § 
t a O (idy, $ 



^(t)) ® ^Vr, 

<g) idvj o P„ 



oP„ 



r(T T -i w ))oP a 



r(T n _0) o P a 
r(T n )) o P a 
r(T„)) o P a 
r(T n „ 1 ))oP a 



where r±.d G S m+n are the ones of ( )44|) . 



1 < * < ^ i\> a ^ a, 
if 1 < i < £ — 1 Pi = Pi+i = ; 
if i = £ and pi = 0, 
if 1 < i < P — 2 and = = 1, 
if i = £ — 1 and pt-\ = pe = 1, a = d+. 
if i = £ — 1 and pi = \ , a = dF_ . 
if i = £ and p£ = 1, a = d+. 
if i = £ and p^i = p e = 1, a = d°_, 



Proof. We can check out this directly in a way similar to that for Proof of 
Proposition 12.51 □ 



For A G A Hcj{w{Dm)) and fj, G A Hq{w{Cn )), we denote p Hq {w{D m )),\ ^ CD Pw{c n )),^ 
by Pg \ a and we denote CVw for V = V Hq (w(D m )),\ and W = V Hq (w(C n )),n by 

CCD 

Theorem 2.10. Let q G C and assume that 

(80) qPw(D m )(q)P W (c n )(q)^0. 
Then the C- algebra homomorphism 



(81) © PS 

( X ^)^ A H q (W(D m )) x ^H q (W(C n )) 

H q {osp{2m\2n)) -> End c (C, 

(A ;( u)eAj 

is an isomorphism. Further we have 



CD 

(M6AH g {W(D ra )) xA H 9 (W(C„)) 



^ . . . ii 2 m+n " 1 ((m + n- l)!(m + 2n)) 2 
^82) dimF g (osp(2m|2n)) = ^ 



m!n! 



Moreover H q (osp(2m\2n)) is a semisimple C-algebra and a complete set of non- 
equivalent irreducible representations of H q (osp(2m\2n)) is given by {_Pq.\a\{\ /-0 ^ 

^H q (W(D m )) X ^H q (W(C n ))}- 

Proof. Note that W(D m ) x W(C n ) = 2 m+n ~ l m\n\. Then we can prove this 
theorem in the same way as that for Proof of Theorem 12. 81 □ 
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Remark 2.11. Now, by (jI51). ATE]) and Theorems EH EH and EHi! it has turned 
out that if q is non-zero and not any primitive root of unity, then as a C-algebra, 
H q (o) = H q (W) introduced in this section for the Lie superalgebra g = A(m,n) 
or osp(m\2n) is very similar to the Iwahori-Hecke algebra H q (Wo) associated with 
the Weyl group Wq of the Lie algebra jj(0) given as the even part of jj. 

Remark 2.12. Assume q to be an element of C transcendental over Q. Then 
the Z-subalgebra (with identity) of C generated by q can also be regarded as 
the polynomial ring Z[g] in the variable q over Z. Let W be one of the Coxeter 
groupoids treated in Subsections I2.5[ 12.61 and 12.71 By Lemma 12.21 and (|54|) . 
(|63|), (|82|). one see that {f(w)\w E W \ {0}} is a C-basis of H q (W), that is, 
H q {W) = © we iy\{o}C/(w). Define Hz[ q ], q (W) to be the Z[g]-sub module generated 
by {f{w)\w G W^\{0}}. Using Theorem 11.71 and Corollary 11.81 one see that 
Hz[q],q(W) is also a Z[g]-subalgebra of H q (W). Let A be any commutative ring 
(with identity). Let ( be any element of A. Regard A as a Z[g]-algebra via the Z- 
algebra homomorphism Z[g] — > A that takes q to (. Let H^(W) be the A-algebra 
(with identity) defined by H AiC (W) := H z[q]>q (W) ® z[9] A. For X e H z[qU (W), 
we also denote the element X ® 1 of i?A.,f(W) by X. Then iJA,c(^) is a f ree 
A-module with an A-basis {f(w)\w EW\ {0}}, that is, 

(83) rank A # A , c (W0 = \W\ - 1. 

Using Theorem 11.71 and Corollary 11.81 again, one see that H&^(W) can also be 
defined by the same generators as (fTTl) and the same relations as ffT8l) - fT25l) with 
£ in place of q. 

The same properties as above seem to be true for many Coxeter groupoids, 
which might be able to be proved in a way similar to that of the proof of [L| 
Proposition 3.3]. 
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